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Geometric Phases

icmm

m Time evolution of an eigenstate:

[9(t)) = e "= ¢pn)

Notation:
1): solution of Schrédinger equation
¢: other state vector, e.g., eigenstate

B energy <> phase

‘ for (periodically) time-dependent system ?




Adiabatic time-dependence — Berry phase |Cmm

m Spin in magnetic field c
B(t)y=B(t+ T):




Adiabatic time-dependence — Berry phase |Cmm

m Spin in magnetic field c
B(t) =B(t+T):
(1) = B(t+T) -
1. y
= —B(t)-&
H(t) = 5B(0) -6 -

® Quantum dynamics for B < B?:
state follows the eigenstate
adiabatically

|%(1)) o< |¢a(t))

- |9(t)) determined up to phase factor



Berry phase Icmm

Atter one period: |1(T)) = €'?|4(0))

.
<p=—/ at Ex(t) + e g
JO

m dynamical phase <> mean energy
m Berry phase ¢
@ depends only on closed curve C in parameter space
M. Berry, Proc. Roy. Soc. London, Ser. A 392, 45 (1984)



Berry phase Icmm

Atter one period: |1(T)) = €'?|4(0))

.
w=—/ ot Ex(t) + e g
J0

m dynamical phase <> mean energy
m Berry phase ¢
@ depends only on closed curve C in parameter space
M. Berry, Proc. Roy. Soc. London, Ser. A 392, 45 (1984)

m Assumptions:

El 5B(t) changes adiabatically slowly
A initial state: eigenstate |¢,(0))



Non-adiabatic generalization

icmm

Different perspective:

State vector undergoes periodic time-evolution
m [(T)) = €¥[9(0))
m dynamics |9(t)) induced by some Hamiltonian H(t)

Remarks:
m no adiabatic condition
m |1(t)) need not be an eigenstate of H(t)
m H(t) is not unique

m only condition: cyclic time-evolution in Hilbert space

(1) = e™O|p(1)), () = ¢(t + T)



Non-adiabatic generalization |Cmm

-> Phase acquired during cyclic evolution: ¢ = f(T) — f(0)
df

d
T oM + (0l ) =



Non-adiabatic generalization |Cmm

-> Phase acquired during cyclic evolution: ¢ = f(T) — f(0)
df

d
= = —(OHI9) + (9li—l9) =

-
Dynamical phase yayn = / dt ( (1)]e(1))
0

e depends on choice of H(t)
o reflects mean energy



Non-adiabatic generalization |Cmm

-> Phase acquired during cyclic evolution: ¢ = f(T) — f(0)
df

d
= = —(OHI9) + (9li—l9) =

-
Dynamical phase yayn = / dt (p(t)[H(t)|$(t))
0

e depends on choice of H(t)
o reflects mean energy

Aharonov-Anandan phase (“non-adiabatic Berry phase”)
T
d
= dt (¢|i—
1= [ at(aligle)

o depends only on trajectory in Hilbert space — not in parameter space!
e adiabatic limit: v = ¢ Aharonov & Anandan, PRL 1987



Floquet theory

icmm

El Schrédinger equation
m Geometric phases
m Time-periodicity, Floquet ansatz, and all that

H Quantum dissipation
m System-bath model
m Floquet-Bloch-Redfield formalism

H Application: LZSM Interference

B Miscellaneous
m Time-periodic Liouvillians
m Symmetries
m Bichromatic driving



Time-dependent Schrodinger equation Icmm

Goal: propagator U(t, t')
m Time-independent system: diagonalize Hamiltonian = |¢,), E,

Ut ) =u(t—1t)=> e "m0 (g,|



Time-dependent Schrodinger equation Icmm

Goal: propagator U(t, t')
m Time-independent system: diagonalize Hamiltonian = |¢,), E,

ut.t)y=u(t—t) Z e 0 ) (]
m Driven system:

.d o ,

/EWA = H(t)|¥) = numerical integration

problem 1: time-integration not efficient for long times
problem 2: no information about structure of U



Time-dependent Schrodinger equation Icmm

Goal: propagator U(t, t')
m Time-independent system: diagonalize Hamiltonian = |¢,), E,

ut, )= U(t—t) Ze E=0 )

m Driven system:
.d o ,
/EWA = H(t)|¥) = numerical integration

problem 1: time-integration not efficient for long times
problem 2: no information about structure of U

m Solution for H(t) = H(t + T): “Bloch theory in time”
cf. H(x)|¢) = €|¢) with H(x) = H(x + a)
- Bloch waves ¢(x) = €% p(x), where ¢(x) is a-periodic
F. Bloch, Z. Phys. A 52, 555 (1928)



Discrete time translation and Floquet ansatz |cmm

m H(t)=H(t+T)

=>t — t 4 T is symmetry operation

- solutions of Schrédinger equation obey |¥(t+T)) = e |9(t))
m Floquet ansatz

|1P(t)> — 7/et|d) _ letze /th|C
@ ¢ quasienergy (cf. quasi momentum) =-> long-time dynamics
o |¢(t)) = |o(t + T)), Floquet state => within driving period

m Floquet theorem: H(t) has a complete set of Floquet solutions

m Schrodinger equation i0¢|1) = H(t)|y) yields

(H(t) — i0y) 19(1)) = ele(t))




Brillouin zone structure Icmm

m |¢(t)) Floquet state with quasienergy €

> | ¢(t)) Floquet state with € + kQ
proof: insert into (H — i6;)|p) = €|¢)



Brillouin zone structure Icmm

m |¢(t)) Floquet state with quasienergy €

> | ¢(t)) Floquet state with € + kQ
proof: insert into (H — i6;)|p) = €|¢)

e.g. for two-level system

15! Brillouin zone

|

-
NITS)
[Slhe)

m all Brillouin zones equivalent, choice arbitrary
=> quasienergies cannot serve for ordering!



Mean energies Iicmm

m Physical quantity / observable: mean energy

1

T T
E=7 [ atwOHOwO =1 [ oo HOlo(0)

m All equivalent states have the same mean energy
[proof: insert eS| (1))]
-> Floquet states can be ordered by their mean energy



Mean energy & geometric phase |Cmm

m Mean energy

1 /7 P
E= T/O at (p()|{H(t) — iB; + i0, } (1))

where (H — i8;)|d(t)) = €|¢(t))

E=¢+ ;/O dt (¢(t)]ior|p(t))



Mean energy & geometric phase |Cmm

m Mean energy

1 /7 P
E= T/O at (p()|{H(t) — iB; + i0, } (1))

where (H — i8;)|d(t)) = €|d(t))
- /O ot ($(1)] i3 |$(1))

m Compare to © = Ydyn + 7



Mean energy & geometric phase |Cmm

m Mean energy

1 /7 P
E= T/O at (p()|{H(t) — iB; + i0, } (1))

where (H — i8;)|d(t)) = €|d(t))
- /0 ot ($(1)] i3 |$(1))

m Compare to © = Ydyn + 7

‘ (E — €)T is a geometric phase




Mean energies — Rapoport relation
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Floquet equation as function of 2 and Qt:

e(Q)p(Q1) = |H(Q)

8
—i0—
ol

(€21)



Mean energies — Rapoport relation

icmm

Floquet equation as function of 2 and Qt:

(Q)p() = [H(E) - /Q%Mm)

at
Compute derivative (8/89)\Qt and apply / 7 ¢ to obtain

Oe ¥ e—E Oe
L A — > . _ 0O
0~ orn Q E=e—-Q59




Mean energies — Rapoport relation |cmm

Floquet equation as function of 2 and Qt:

(Q)p() = [H(E) - /Q%Mm)

at
Compute derivative (8/89)\Qt and apply / 7 ¢ to obtain

Oe ¥ e—E Oe
- _ __ _ > . _ 0O
0~ orn Q E=e—-Q59

E.g. for v = Yaa + O(Q)
> e =const — (Yag/2T)Q + ... D> E = Eyq + O(Q?)

Fainshtein, Manakov, Rapoport, J. Phys. B (1978)



Mean energies — two-level system |cmm

quasi enérgy

Driven undetuned two-level system

ol A m exact crossings
(consequence of a symmetry)

energy £,/A

mean energy
0 2 4 6
amplitude A/Q




Mean energies — two-level system |cmm

1 quasi enérgy .
a I 1 Driven undetuned two-level system
~
Wl A m exact crossings
é’ (consequence of a symmetry)
—1 4
mean energy
0 2 4 6
amplitude A/Q
i . with small detuning
quasi energy . .
- 1} 1 B quasi energies
= , e avoided crossings
> I b .
= B mean energies
C
R | ] @ exact crossings remain
mean engroy o additional crossings

0 2 4 6
=> do not follow from an
amplitude A/Q y

eigenvalue equation



Sambe space

icmm

Goal: more formal treatment of H(t) — i0;

m |[p(t)) € R @ T composite Hilbert space / Sambe space
Shirley, PR 138, B979 (1965), Sambe, PRA 7, 2203 (1973)

T Hilbert space of T-periodic functions with inner product

o) = [ 10 a()F > o,

m extended Dirac notation:

o [p(1)) = (t|d))
e Fourier coefficient |¢y) = (k|¢))

e.g. [¢(1)) = (tlg)) = 2 (tlk) (klg)) = Xop e~ )



Completeness and Orthogonality
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m H — i0; is hermitian
- Floquet states |¢,,) orthonormal and complete in R @ T

(@S105)) = apbie

? butin R ?



Completeness and Orthogonality |Cmm

m H — i0; is hermitian
- Floquet states |¢,,) orthonormal and complete in R @ T

(@S105)) = apbie
? butin R ?

m Consider (¢o(1)|ds(1)) = >, Ace™* since T-periodic
with the Fourier coefficient

=7 / " ot g (1105(0) = ((@aldl)) = Baplic
T /s o al¥s aB Uk,

=> Floquet states orthogonal at equal times



Propagator Icmm

m propagator in terms of Floquet states

Ziwa YWa()] =D e =g, (1) (da(t)]

@ long-time dynamics (depends on t — t')
e dynamics within driving period (depends on t and t)



Propagator |cmm

m propagator in terms of Floquet states

Ziwa YWa()] =D e =g, (1) (da(t)]

@ long-time dynamics (depends on t — t')
e dynamics within driving period (depends on t and t')

m one-period propagator for kicked systems

H(t) = Ho+ K _6(t— nT)

> U(T) = g T K
v/ easy to compute
v/ provides quasienergies
X only long-time dynamics (stroboscopic)



Computation of Floquet states

icmm

Solve eigenvalue problem

{H(t) — iB: }|$)) = €l¢))



Computation of Floquet states

icmm

Solve eigenvalue problem

{H(t) — it} |¢)) = €ld))
Straightforward in Fourier representation (“Floquet matrix”)

Ho+2Q  3H 0 0

J TH; Ho+Q  1H 0
Ho + Hy COS(QT)*I'E < s 0 %H1 Ho H,

1

2
0 0 TH H—Q
0 0 0 :




Computation of Floquet states |cmm

Bl direct diagonalization of H(t) — i0;
e conceptually simple => first choice
e increasingly difficult with smaller frequency
e often more efficient after unitary transformation

H analytical tool: perturbation theory
strong driving: H; cos(2t) — i0; as zeroth order

B diagonalization of U(T,0) = e ", |¢(0))
B matrix-continued fraction (convenient for time-dep. Liouvillians)

B (t, t') formalism (very efficient propagation scheme)



Example I: Coherent destruction of tunneling |Cmm

Kl role of quasienergy crossings
H perturbation theory (two-level approximation)

Driven double-well potential H(t) = Hpw + Sx cos(2t)

quasienergies €4(S)

15184

X s
o 210° Alu‘sa 10% 810" 1 10°

? tunnel oscillations influenced by driving
? dynamics at quasienergy crossing



Example I: Coherent destruction of tunneling |cmm

Occupation Pieq(nT)

far from crossing:

m tunnel oscillations

o 50107 1.0 10° 1.5 10° 2.0 10°
n

at crossing:
i m particle stays in left well

0.99
0985 => “coherent destruction of
0.97

v % tunneling” by ac field

0.
0 256 512 768 1024

ual

Grossmann et al., PRL 1991

Analytical understanding => two-level approximation



Example I: CDT — two-level approach
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Driven two-level system

15! Brillouin zone




Example I: CDT — perturbation theory Icmm

Analytical approach for A < Q: high-frequency limit

A A
H(t) = ——o0x + - cos(Qt)o,
2 2
m zeroth order propagator
A
Ugr(t,0) = exp ( ~ 50 sm(Qt)Uz)

m transformation and rotating-wave approximation (i.e. time-average)
A A
H(t) — — EUj,(z‘, 0)0 Use(t, 0) —> = Jo(A/Q)ox

=> tunnel-matrix element renormalized by Bessel function Jy

Bessel function J,(x): nth Fourier coefficent of e~*sin(€20)



Example I: CDT — perturbation theory

icmm

A /0 1
He“_2<1 o)

m Floquet states
¢+ (t) = U (1, 0)[+)

B quasienergies

A
e = £ h(A/)

€a/A

0.5

0.25

-0.25

-0.5

Q=2A

« - hA/R)
/1n(A/Q) =0
2 4 6 8
A/Q



Example I: CDT — perturbation theory |cmm

A0 1
Het = —
=2 (1 o) e
« - h(A/Q) Q=24
025 b N\ ]
m Floquet states <
S o}
¢+(t) = Us(t,0)| %) -025}F f
£ Jo(A/Q) = 0
m quasienergies 0% > 4 6 8
A/Q

A
€+ = iEJO(A/Q)
® mean energies E = € — (0¢/00N)

E. = i% bo(A/Q) — gJ1 (A/Q)

Bessel function J (x) = Z Jp(x)



Floquet Theory |cmm

Some standard references
m Classic work:
@ Shirley, Phys. Rev. 138, B979 (1965)
@ Sambe, Phys. Rev. A 7, 2203 (1973)
m Reviews:
e Grifoni, Hanggi, Phys. Rep. 304, 229 (1998)
e Hanggi, Chap.5 of “Quantum transport and dissipation” (1998)

http://www.physik.uni-augsburg.de/theo1/hanggi/Papers/Chapter5.pdf
e Eckardt, Rev. Mod. Phys. 89, 011004 (2017)



Floquet theory

icmm

El Schrédinger equation
m Geometric phases
m Time-periodicity, Floquet ansatz, and all that

H Quantum dissipation
m System-bath model
m Floquet-Bloch-Redfield formalism

H Application: LZSM Interference

B Miscellaneous
m Time-periodic Liouvillians
m Symmetries
m Bichromatic driving



Quantum dissipation and decoherence Icmm

Heuristic approach

coupling of qubit to electromagnetic environment => sponaneous decay

9 — o_|) decay with probability o < 1
|1) + |09) no decay, probability 1 — o

m normalization requires [0v) = So 0 _[¢)



Quantum dissipation and decoherence Icmm

Heuristic approach

coupling of qubit to electromagnetic environment => sponaneous decay

9 — o_|) decay with probability o < 1
|1) + |09) no decay, probability 1 — o

m normalization requires [0v) = So 0 _[¢)
m corresponding density operator

a
o—rp+ > <2a,pa+ —040_p— pa+a,)

B add continuous time-evolution => master equation

d , Y
Pl —i[H. p] + 2 (2071004 —040_p— PO'+O'—)



Lindblad form

icmm

Time evolution must conserve
m hermiticity and trace of p
m positivity (all eigenvalues of p > 0)



Lindblad form icmm

Time evolution must conserve

m hermiticity and trace of p
m positivity (all eigenvalues of p > 0)

Fulfilled by a Markovian master equation iff of “Lindblad form”

d .
0= —ilH. ol + > 1a(20n00} — GfQup — p}01)
n

G. Lindblad, Comm. Math. Phys. 48, 119 (1976)
V. Gorini, J. Math. Phys. 17, 821 (1976)

® Interpretation: incoherent transitions 1)) — Q,|¥)



Lindblad form Iicmm

Time evolution must conserve
m hermiticity and trace of p
m positivity (all eigenvalues of p > 0)

Fulfilled by a Markovian master equation iff of “Lindblad form”

d .
0= —ilH. ol + > 1a(20n00} — GfQup — p}01)
n

G. Lindblad, Comm. Math. Phys. 48, 119 (1976)
V. Gorini, J. Math. Phys. 17, 821 (1976)
® Interpretation: incoherent transitions 1)) — Q,|¥)
X Critique
e request for Markovian evolution unphysical
e axiomatic, not based on physical model

e high-temperature limit typically wrong
i.e. not the Klein-Kramers or the Smoluchowski equation



System-bath Hamiltonain Icmm

Caldeira-Leggett model Magalinskii 1959; Caldeira, Leggett 1981

Coupling of a system to bath of harmonic oscillators

H= Hsystem(t) + XZ’YV(bZ + bu) + Z Wub,ibu
v v

=> eliminate bath
=> equation of motion for reduced density operator
m interpretation: bath “measures” system operator X



Bloch-Redfield theory Icmm

Total density operator R = 0 ® Ppath,eq
R = _i[HtotaI: R]

2nd order perturbation theory in system-bath coupling

(t—to)—o00 .
%p — —i[Heys. o] — //O dT A(T)[X, [X(=T7), p(t—=7)]+]

(t—tp) =00 -
- /0 drS()[X, [X(=7). p(t—7)]]

m Heisenberg operator X(—7) = U(T) X U'(7)
m bath correlation functions A, S

m non-Markovian
m short system-bath correlation time: Markov approximation



Bath correlation functions |Cmm

®m anti-symmetric correlation function
A(T) = —i([¢(7). £(0)])
m Fourier transformed: spectral density — continuum limit

Alw) =7 11 Po(w — wy) — J(w)

—

3

-

@ here: Ohmic with cutoff -

J(w) = 2mawe W/ Weatost e

o dimensionless dissipation
strength o

Weutoff



Bath correlation functions

icmm

m symmetric bath correlation function

st = (oL

w
_ 4makpgT high kgT
| 2raw  low kT

kT

Weutoff



Bath correlation functions |Cmm

m symmetric bath correlation function

1 3
S(r) = §<[£(T),£(O)]+> |t
S(w) = J(w)coth (2:’?)
_ 4makpgT high kgT )
| 2raw  low kgT Weutoft

m S(w) evaluated at transition frequencies
=> dissipation strength depends on coherent spectrum/dynamics



Born-Markov approximation |cmm

m Ohmic, short memory times (e.g. for vy < kg T)
=> Bloch-Redfield master equation

p = —i[Hs, p] + iv[X, {[Hs, X]. p}] — [X.[Q. p]]

coherent dynamics dissipation decoherence

coherent dynamics enters via Q = / dT S(1) X(—7)
Jo



Born-Markov approximation |Cmm

m Ohmic, short memory times (e.g. for vy < kg T)
-> Bloch-Redfield master equation

p = —i[Hs, p] + iv[X, {[Hs. X]. p}] — [X.[Q. p]]

coherent dynamics dissipation decoherence
o0 ~
coherent dynamics enters via Q = / dr S(7) X(—T1)
Jo

m not of Lindblad form

X positivity might be violated
v/ happens only on unphysically small time scales

m high-temperature limit: Fokker-Planck equation



Pauli master equation |Cmm

m Decomposition into energy basis and rotating-wave approximation
-> rate equation for the populations (Pauli master equation)

d
Epaa = Z {Wo«—a/ Po'al — Wo'—a paa}
a/

with the golden-rule rates

2
nth(Ea - Ea’)

Wo—a! = J(Ea - Ecx’) ’<¢a|x|¢a’>

e notice: —np(—w) = Mp(w)+1



Pauli master equation |Cmm

m Decomposition into energy basis and rotating-wave approximation
-> rate equation for the populations (Pauli master equation)

d
Epaa = Z {Ww—a/ Po'al — Wo'—a paa}
a/

with the golden-rule rates

2
nth(Ea - Ea’)

Wo—a! = J(Ea - Ecx’) ’<¢a|x|¢a’>

e notice: —np(—w) = Mp(w)+1

Wo o _ eﬁ(EofEa/)/kgT

Wo' —a

v fluctuation theorem

v Lindblad form
X high-temperature limit typically wrong

full Bloch-Redfield: golden rule for non-diagonal pys




Floquet-Bloch-Redfield master equation

icmm

Driven system => noise term becomes time-dependent

p=...—[x.[Q(t).a] Q)=

/OO dr S(T) X(t — T, 1)



Floquet-Bloch-Redfield master equation |Cmm

Driven system => noise term becomes time-dependent

b=~ xlaell Q)= [ arsmx-r

Central idea:
El adapted basis: Floquet states | (1)) = captures coherent dynamics
H master equation in Floquet basis

d :
JiPes = ~i(ea — €p)pap + > Lapap(t) pap
a/ﬁ/
where L(t) = L(t+ T)
HE moderate rotating-wave approximation:
time average L(t) — L, but keep all pag

Blumel et al., PRA 1991; SK, Dittrich, Hanggi, PRE 1997



Floquet-Bloch-Redfield master equation — recipe

icmm

m Numerical method: compute £ and solve

pocﬁ = 4/(605 — Eﬁ)paﬁ + Z ,C_aﬁyalﬁl palﬁl
B

Kl time-independent master equation for driven system

H ac driving captured by choice of basis = efficient

El includes impact of bath on dissipation strength
(very relevant for fermionic baths; see Lecture Il

m Analytical tool: find Her and approx. for Q(t)
=> effective time-independent Bloch-Redfield equation



Floquet-Bloch-Redfield master equation — RWA |cmm

=> full RWA => (Pauli master equation)

d
&paa = Z Wo—ao! Po’al — Z Wo/ o Paa
al a

with the golden-rule rates
2
Wo—a! = ZJ(GQ - ea/+kQ) ‘Z<¢a,k+k’|x|¢a’,k>‘ nth(ea — Ga/‘H(Q)
k K

m sidebands contribute to Wy o
... but NOT as independent states!
m no simple relation between forward/backward rates



Dissipation vs. Transport

icmm

(L D7

(. Ds| 10.2)s

m Floquet states for central
system

) m evaluate rates Wy o
[ ool => dc current, counting statistics
Dissipation Transport
Environment harmonic oscillators electron source/drain
Coupling of mode v X(al + a,) cte, +cle
Absorption / tunnel in Nn(w) fle — )
Emission / tunnel out 1+ nn(w) 1—f(e—p)

“Ohmic”

J(w) x w I(w) = const



Floquet theory
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El Schrédinger equation
m Geometric phases
m Time-periodicity, Floquet ansatz, and all that

H Quantum dissipation
m System-bath model
m Floquet-Bloch-Redfield formalism

H Application: LZSM Interference

B Miscellaneous
m Time-periodic Liouvillians
m Symmetries
m Bichromatic driving



icmm

Landau-Zener-Stiickelberg-Majorana Interference

Experiments by Gang Cao (Hefei), Stefan Ludwig (PDI Berlin), and Jason Petta (UCLA)



AC-driving and Landau-Zener transitions Icmm

Quantum system in AC-field, H(t)

B non-adiabatic transition

E” Az -
5 7 probability
_ 2
/ \ P,=e TAZ2/2hv
1-Az
N Landau, Zener, Stickelberg,

time

Majorana, 1932



AC-driving and Landau-Zener transitions Icmm

Quantum system in AC-field, H(t)

B non-adiabatic transition

5 P7 probability
Py = e—7rA2/2hv
7" N

Landau, Zener, Stlickelberg,
Majorana, 1932

time

-> beam splitter, interference

=> Landau-Zener-(Stiickelberg-
Majorana) interferometry



Interference condition

icmm

A t
H(t) = 5 O + g(z)oz

El (avoided) crossing requires A > |¢|

9(t) = € + Acos(2t)



Interference condition

icmm

H(t) = %ax + @OZ 9(t) = € + Acos(2t)

El (avoided) crossing requires A > |¢|

H relative phase between dominant paths

adiabatic: Pz < 1

VaVAVS
\/\/\/\/

o(T) / at g(t) o(T) = / at g(1)

- fringes for (T) = 27k

diabatic: 1 — P|_z <1



Interference condition

icmm

H(t) = %ax + @OZ 9(t) = € + Acos(2t)

El (avoided) crossing requires A > |¢|

H relative phase between dominant paths

adiabatic: Pz < 1

VaVAVS
N

o(T) / at g(t) o(T) / ot g(t) = €T

- fringes for (T) = 27k

diabatic: 1 — P|_z <1

€ = k2 “k-photon resonance”



Patterns for two-level systems

icmm

slow

15

10

amplitude A/Q

ol N N |
—-10 -5 0 5 10
detuning /2

amplitude A/Q

fast

15

10

0

10 5 0 5
detuning €/Q2

10



Patterns for two-level systems

icmm

slow
15
c c
< < 10
(] ()
el el
2 2
g g °
© ©
[ " " | R
-10 -5 0 5 10

fast

-10 -5

0 5

10

detuning €/Q2 detuning €/Q
E.g. excitation probabilities of a TLS:
Q<A Q~A Q> A
15 i
/e '1 <
o’y = H
(&
< /'//‘\\‘\ ’ l
51 . '(

10



Measurement I: Transport

(1, )7
DC current: o o
-
I(t) = eol r(na(t)) > (na(t)) ©.1)
Lo~o

Q/h=45GHz

AlueV]

100 0 100
€ [ueV]

100

Forster et al., PRL 2014



Measurement II: Cavity transmission |cmm

Dispersive frame:
an.  effective cavity frequency
—

din,1
——-
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Dispersive frequency shift

icmm

Qubit-cavity Hamiltonian
Hays(t)
din,1 dout,2

gZ(a+ ah)

dout,1 WoaTa ain 2
H = Hsys(t) + gZ(a' + a) + wpa'a

m Backaction: cavity = qubit = cavity
m Cavity equation (input/output formalism)

ot v=1,,2

d
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Dispersive readout — qubit response function |Cmm

m (non equilibrium) Kubo formula Z(t) = g/dt'x(t —t)a(t)

with the response function (may depend on the initial state!)

x(t) = —i([z(1). 21)o(t — ')

K
> —jwa= fi(wo—kgzx(w))a - Ea— E VKuainy
v=1,2

=> measured quantity: (non-equilibrium) susceptibility



Response function for driven system

icmm

Response of periodically driven system

x(t.t') = —i{[Z(t). Z(1')])

such that

non-eq

X(t+T,{+T)

x(t,t—7) = Z g ikt / dw e T x ) (w)

k



Response function for driven system

Response of periodically driven system
x(t, 1) = —i{[Z(1), Z()]) poneq = X(tH T, U+T)

such that

x(t,t—7) = Z Pt / dw e T x ) (w)

k
Zuy
m resonant cavity driving, w = wp

m response Z(t) acquires sidebands
m good cavity limit, K < wp, Q2

—Wwp

Wo

icmm



Response function for driven system

icmm

Relevant component:

_ Z ‘2
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m Floquet theory => quasi-energies ¢,
m Floquet-Bloch-Redfield = populations p,



Response function for driven system |cmm

Relevant component:

2
(0) () — (Pa — P31 2B k]
X (wo) Bza:keaeﬁ+wo+k9+i'y/2

m Floquet theory => quasi-energies ¢,
m Floquet-Bloch-Redfield = populations p,

Resonance conditions

cavity response: cf. population:

Ae = wy + kQ Ae = kQ
e.g. lvakhnenko et al., Phys.Rep. 2023

=> Agree only for low-frequency oscillator!



Readout of Floquet state population

icmm

Drive line

Chen et al., Phys. Rev. B 103, 205428 (2021)



Motivation: Holes in interference fringes |cmm
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m holes in LZSM pattern
m GaAs DQD = two-level sys.
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Motivation: Holes in interference fringes |cmm
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Experiment (Cao & Guo, Hefei)

m holes in LZSM pattern
m GaAs DQD = two-level sys.
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Recap: susceptibility (two-level system)

| Zi0.k|?

(0) = (po —
X (wo) = (po p1);e1—eo+wo+k§2+i’)’/2

response determined by
— resonance condition for cavity signal

— Floquet state population



Experiment vs. Theory
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m competing resonance conditions
m holes in fringes when py ~ p; ~ 1/2

=> cavity response provides information about Floquet state population



Mean energy state vs. Floquet-Gibbs state
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Steady state of driven dissipative quantum system

€a /KT

quasi energy: py x €~ mean energy: Py X €

—En /KT



Mean energy state vs. Floquet-Gibbs state Icmm

Steady state of driven dissipative quantum system

quasi energy: po o< €~ /KT mean energy: p, o e F/KT
bath via o, bath via o
overlap -1 0 1
| |
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Floquet-Gibbs state The present case!

vs. anti Floquet-Gibbs



Floquet state population
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B p, determined by E,
=> holes in reflection consistent
with mean-energy state

=> bath coupling (predominantly)
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Floquet theory

icmm

El Schrédinger equation
m Geometric phases
m Time-periodicity, Floquet ansatz, and all that

H Quantum dissipation
m System-bath model
m Floquet-Bloch-Redfield formalism

H Application: LZSM Interference

B Miscellaneous
m Time-periodic Liouvillians
m Symmetries
m Bichromatic driving



Periodically time-dependent Liouvillians

icmm

Master equation of type

d
—P=L(1)P
p (1)

m Floquet-Bloch-Redfield beyond moderate RWA

m time-dependent system with Lindblad dissipator
p = —i[H(t), p] + v(2a'pa — a'ap — pa'a)
e very weak dissipation
e transport problem with large bias

=> long-time solution T-periodic
=> Floquet ansatz with “quasienergy” zero

P(t) = e "
k



Matrix-continued fractions

icmm

L(t) = Lo + 2L cos(£2t)

=> kernel of tridiagonal Floquet matrix

Lo + 2iQ2 Ly 0

Ly Lo+ i Ly
Lo + 2L4 cos(Qt)—@, <~ cee 0 L4 Lo
0 0 Ly

0 0 0

0 0

0 0

Ly 0
Lo—iQQ Ly

Ly Ly—2iQ2



Matrix-continued fractions |Cmm

m ansatz P(t) = Y, e *¥p, yields
Lipk—1 + (Lo + ik2)pk + Lipk41 =0

m idea: truncate and iterate px—1 = —L; '{(Lo — ikQ)px + L1pk+1}
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Matrix-continued fractions Icmm

m ansatz P(t) = Y, e *¥p, yields
Lipk—1 + (Lo + ik2)pk + Lipk41 =0

m idea: truncate and iterate px—1 = —L; '{(Lo — ikQ)px + L1pk+1}
X fails, Ly generally singular

m solution: ansatz px = SiLipkr1 (k 2 0) leads to

Sk = — (Lo + kQ + L1 SyeiL4)™"  — Sy (1)
0= (L1 371L1 + Lo + L4 81 L4 )po (2)

=> truncate at tky, iterate (1), and solve (2)

-> time-averaged P(t) = py = time-averaged expectation values

Risken, “The Fokker-Planck Equation”
Appendix of Forster et al., PRB 2015



Symmetries of dipole driving icnmm

Haipole < X cos(2t) \M/\\/ >

=> Floquet theory applicable

El time periodicity t — t+ T
=> Floquet states real

H timereversal t — —t
generalized parity (x,t) — (—x,t+ T/2)
=> Floquet states even/odd
e.g. symmetric potential with dipole driving

A time-reversal parity (x,t — T/4) — (—x, T/4 — 1)
e combination of the other three
o relevant for Floquet scattering theory



Bichromatic driving |cmm

m g(t) = cos(Qt) + mcos(QU't + @)
Q', Q commensurable vs. incommensurable
- g(t) periodic vs. quasi-periodic




Two-color Floquet theory (commensurable) |cmm

Quantum master equation

Gp=1L(t)p with L(t) = Lo+ Ly cos(nQt) + L; cos(n' Q)



Two-color Floquet theory (commensurable) |Cmm

Quantum master equation

Gp=1L(t)p with L(t) = Lo+ Ly cos(nQt) + L; cos(n' Q)

m long-time solution periodic, “Floquet solution with eigenvalue 0”
p(t) = p(t+21/Q) =Y e py
K

=> homogeneous set of equations for pg
=> pp, time-averaged expectation values



Two-color Floquet theory (incommensurable) |cmm

m 2p=L(t)p with
L(t) = Lo + Ly cos(Qt) + L} cos(wt)
m auxiliary angular coordinate wt — 6
d
—P =L(t,O)P
p (.6)

0

L(t,0) = Lo + Ly cos(Qt) + L] cos(6) — Wag

- 27 /Q-periodic time-dependence
=> solve by usual Floquet tools — here: matrix-continued fractions



Two-color Floquet theory (incommensurable) |cmm

m 2p=L(t)p with
L(t) = Lo + Ly cos(Qt) + L} cos(wt)
m auxiliary angular coordinate wt — 6
d
—P =L(t,O)P
p (.6)

0

L(t,0) = Lo + Ly cos(Qt) + L] cos(6) — Wag

- 27 /Q-periodic time-dependence
=> solve by usual Floquet tools — here: matrix-continued fractions

m connection p(t) = P(t, 9)|0:wt

cf. t-t' formalism, see Peskin & Moiseyev, J.Chem.Phys. 1993



Summary

icmm

m Berry phase and its non-adiabatic generalization
m Floquet theory
o long-time dynamics: quasienergies <+ geometric phase
e within driving period: Floquet states
m Floquet-Bloch-Redfield theory
Floquet + Bloch-Redfield
e time-independent master equation
o stationary state
@ susceptibility
m Various
e readout
e transport
@ matrix-continued fractions
e bichromatic drive



Thanks to ... |Cmm

Experiments by Eﬁ"‘ B | EER,
m Stefan Ludwig (PDI Berlin)
m Jason R. Petta (UCLA)

m Guo-Ping Guo & Gang Cao  (Hefei)
m Mark Buitelaar (UC London) €!
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