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“Chaotic to non-chaotic phase transitions” in quantum many-body systems
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DisorderLuitz et al, 
PRB (2015)

Basko et al. (2005); Gornyi et al. (2005)

Many-body Localization (MBL)

→ New paradigm for phase transitions    Entanglement transitions

Unitary evolution 

+ 

measurements

local projective or weak measurements

𝑝 fraction of sites are measured in each interval 

Volume 

law (𝐿𝑑)

Area law

AA

Volume law 

SA ∼ 𝐿𝑑
Area law 

𝑆𝐴 ∼ 𝐿𝑑−1

More tractable models – Random quantum circuits with non-unitary evolution

Tune measurement rate 𝑝, measurement strength, 

unitary strength, etc., ..



Skinner et al. (2019), Bao et al. (2019); 
Li et al. (2019), Jian et al. (2019), 
Gullans et al. (2020), Nahum et al. (2021)
Sang et al. (2021), ...

Measurement-induced phase transition (MIPT) 

Transition in steady 

state from

volume-law to area-law 

entanglement

Volume law 

SA ∼ 𝐿𝑑
Area law 

𝑆𝐴 ∼ 𝐿𝑑−1

o Continuous weak measurements  Szyniszewski et al. (2019, 2020), ..

o Non-interacting fermions   Cao et al. (2019), Chen et al. (2020), 
Alberton et al. (2021),..

o Interacting bosons Tang et al. (2020), Fuji et al. (2020), Goto et al. (2020), ..

o Luttinger liquids  Garratt et al. (2020)



This talk

A possible connection between measurement-induced phase 

transition (MIPT) with chaotic-to-non-chaotic transition 

(stochastic synchronization) in classical system

𝜂(𝑡1)
𝜂(𝑡2)

𝜀𝑒𝜆𝐿𝑡

𝜀

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾𝛾𝑐

Noise/dissipation (measurement) strength



Outline of the talk

o Semiclassical limit of a model of continuous weak 

measurements

⇒ Stochastic Langevin equation

noise/dissipation ∝ “measurement strength”

o Noise/measurement induced chaotic to non-chaotic transition

Stochastic synchronization transition 

Non-integrable and integrable (Toda) 

interacting oscillator chains

Classical OTOC

o Overview of many-body chaos in classical and quantum systems



“When present determines the future, but approximate present 
does not approximately determine the future.” 

Edward Lorenz

Classical Chaos

Non chaotic 

billiard
Chaotic billiard𝛿𝑥 𝑡

𝛿𝑥 0
∼ 𝑒𝜆𝐿𝑡

𝜆𝐿, Lyapunov exponent

Sensitivity to initial condition ⇒

𝜀

𝜀𝑒𝜆𝐿𝑡 ≲ 𝒪(1)

Single-particle chaos

Lyapunov regime

𝜆𝐿
−1 < 𝑡 < 𝑡∗ ∼ 𝜆𝐿

−1 log
1

𝜀



Classical many-body chaos

Newtonian dynamics

ሷ𝑥𝑖 = −
𝜕𝑉 𝑥𝑖
𝜕𝑥𝑖

𝑖 = 1,… ,𝑁

Example1: Anharmonic coupled oscillator chain

𝑖 = 0 1−1

𝑉 𝑥𝑖 =෍

𝑖

𝑘

2
𝑥𝑖+1 − 𝑥𝑖

2 +
𝑢

4
𝑥𝑖+1 − 𝑥𝑖

4

Two trajectories with slightly different

initial conditions at 𝑖 = 0 at time 𝑡 = 0

𝑥𝑖
𝐴 0 − 𝑥𝑖

𝐵 0 = 𝜀𝛿𝑖,0
𝐴

𝐵

Classical OTOC or decorrelation function

𝐷 𝑖, 𝑡 = 𝑥𝑖
𝐴 𝑡 − 𝑥𝑖

𝐵 𝑡
2

𝑇

⟨⋯ ⟩
Thermal initial condition

at temperature 𝑇



𝑉 𝑥𝑖 =෍

𝑖

𝑘

2
𝑥𝑖+1 − 𝑥𝑖

2 +
𝑢

4
𝑥𝑖+1 − 𝑥𝑖

4

o 𝜆𝐿 = 0 in the non-interacting 

(harmonic) case 𝑢 = 0.

o 𝜆𝐿 > 0 in the interacting case 𝑢 ≠ 0.

Harmonic

0 1−1

Light cone spread

with butterfly velocity 𝑣𝐵 ≠ 0

𝐷 𝑥, 𝑡 ∼ 𝑒
𝜆𝐿𝑡 1−

𝑥
𝑣𝐵𝑡

2

Two chaos parameters  𝜆𝐿, 𝑣𝐵

Ballistic spread of chaos in a

diffusive system

𝑢 = 1

𝑥 =

𝒟(𝑥, 𝑡)



Quantum Chaos
𝛿𝑥 𝑡

𝛿𝑥 0
∼ 𝑒𝜆𝐿𝑡

𝜆𝐿, Lyapunov exponent

𝜀

𝜀𝑒𝜆𝐿𝑡 ≲ 𝒪(1)

Classical single-particle chaos

Out-of-time order commutator 𝒟 𝑡 = − 𝑥 𝑡 , 𝑝 0 2 ∼ ℏ2 𝑒2𝜆𝐿𝑡

Quantum chaos

o Classical chaos

𝜕𝑥 𝑡

𝜕𝑥 0
= 𝑥 𝑡 , 𝑝(0)

Poisson bracket

⇒ 𝑥 𝑡 , 𝑝 0 /𝑖ℏ

Larkin & Ovchinikov (1969)

Lyapunov regime

𝜆𝐿
−1 < 𝑡 < 𝑡∗ ∼ 𝜆𝐿

−1 log
1

ℏ

Small parameter

“𝜀” ≡ ℏ



Generalize to quantum chaotic (interacting) many-body systems 

𝒟 𝑡 = − 𝐴 𝑡 , 𝐵 0 2

Out-of-time-order correlator (OTOC)

𝐹 𝑡 = 𝐴 𝑡 𝐵 0 𝐴 𝑡 𝐵 0

∼ # − 𝒟 𝑡 ~# − 𝜖𝑒𝜆𝐿𝑡

Many-body quantum chaos: Scrambling of quantum information

𝐴 𝑡 = 𝑒𝑖ℋ𝑡𝐴𝑒−𝑖ℋ𝑡 = 𝐴 + 𝑖𝑡 ℋ, 𝐴 −
𝑡2

2!
ℋ, ℋ,𝐴 −

𝑖𝑡3

3!
ℋ, ℋ, ℋ, 𝐴 +⋯

⇒ Quantum Lyapunov exponent  𝜆𝐿∼ 𝑒𝜆𝐿𝑡

Local operator grows in size encompassing the whole system Scrambling

o Remarkable upper bound for 

Lyapunov exponent

𝜆𝐿 ≤ 2𝜋𝑘𝐵𝑇/ℏ

Maldacena, Shenker & Stanford (2016)

Bruin et al. Science (2013) 

𝜏𝑡𝑟
−1 ∼

𝑘𝐵𝑇

ℏ

o Are there bounds on transport 

scattering rate 𝜏𝑡𝑟
−1?



𝒟 𝑥, 𝑡 = −〈 𝐴𝑥 𝑡 , 𝐵0 0 2〉 ∼ 𝑒
𝜆𝐿 𝑡−

|𝑥|
𝑣𝐵

or ∼ 𝑒
𝜆𝐿𝑡 1−

𝑥

𝑣𝐵𝑡

2
𝐵0 𝐴𝑥

Butterfly velocity  𝑣𝐵

o In certain strongly correlated systems

Diffusion coefficient     𝐷 ∼ 𝑣𝐵
2/𝜆𝐿

Gu, Qi & Stanford (2017) 

Lattice of SYK dots

Relation between transport

and chaos !!

Characterization of phases and phase transitions of quantum many-

body systems in terms of chaos?

Chaos as an “Order Parameter”



Sachdev-Ye-Kitaev (SYK) model for a 

non-Fermi liquid: Maximal chaos

𝐻𝑆𝑌𝐾 =
1

2𝑁 3/2
෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙

Kitaev, KITP (2015),
Sachdev & Ye, PRL (1993)

𝑁 sites

Solvable models for chaos and chaotic transitions

Chen et al.,  PRL (2018)

Quantum Holography 

in a graphene flake

Can et al. PRB (2019)

SB & E. Altman,
PRB (2017)

Generalized SYK model for chaotic 

quantum phase transition (QPT)

𝑝 = 0

Type
equation
here.

Type
equation
here.

𝜆𝐿 =
2𝜋𝑘𝐵𝑇

ℏ
𝜆𝐿 ∝ 𝑇2

Lyapunov exponent,   𝜆𝐿 =
2𝜋𝑘𝐵𝑇

ℏ



Other solvable chaotic transitions

𝛾𝑐 𝛾 = 1𝛾 = 0 𝛾 = 1*** **** * *** *

Line of NFL 

fixed points

S. Bera, V. Lokesh K Y & SB, 
PRL 128, 115302 (2022)

A. Haldar, SB, V. B. Shenoy, PRB (Rapid) 
97, 241106 (2018). 

Higher dimensional

non Fermi liquids

Quantum 𝑝-spin glass

𝜆
𝐿
/2
𝜋
𝑇

𝜆𝐿
𝜆𝐿 = 𝛼𝑇 , 𝛼 ≤ 2𝜋



A few comments
o Observability of Lyapunov growth      

𝒟 𝑡 ∼ 𝜀𝑒𝜆𝐿𝑡

requires small ‘semiclassical parameter’  𝜀
𝜀 ∼ ℏ Semiclassical systems

∼
1

𝑁
SYK-type models

(large N models)

Local quantum systems with finite-dimensional local Hilbert space 
(spin 1/2 spin chains, Hubbard model, ..) 

No such small parameter

⇒ 𝜆𝐿 > 0 does not exist, 

no exponential growth of OTOC

𝜆𝐿
−1 < 𝑡 < 𝑡∗ ∼ 𝜆𝐿

−1 log
1

𝜀

𝜆 𝑣 = 0

Velocity-dependent 

Lyapunov exponent

Khemani et al. PRB (2018) 

Random matrix theory (RMT) or 
eigenstate thermalization hypothesis
(ETH) is much better way to 
characterize chaos in usual quantum 
systems than OTOC



o Relation between chaos and entanglement? 

In certain types of OTOC 

and non-equilibrium evolution 

𝑂𝑇𝑂𝐶 𝑡 ቚ
𝑒𝑞𝑢𝑖𝑙

∼ exp −𝑆𝐴
2

𝑡 ቚ
𝑛𝑜𝑛−𝑒𝑞𝑢𝑖𝑙

𝑆𝐴
2

,  Second Renyi entropy

Fan et al. (2017); 
Hosur et al. (2016); 
Touil & Deffner(2020)

Volume law 

SA ∼ 𝐿𝑑
Area law 

𝑆𝐴 ∼ 𝐿𝑑−1



A possible connection between measurement-induced phase 

transition (MIPT) with chaotic-to-non-chaotic transition 

(stochastic synchronization) in classical system

𝜂(𝑡1)
𝜂(𝑡2)

𝜀𝑒𝜆𝐿𝑡

𝜀

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾𝛾𝑐

Noise/dissipation (measurement) strength



Quantum model of continuous weak measurements

Continuous (weak) position measurements of a free particle

Caves and Milburn, Phys. Rev. A 36 (1987)

Generalize to interacting system of chains of anharmonic oscillators 

𝐻𝑠 =෍

𝑖=1

𝑁
Ƹ𝑝𝑖
2

2𝑚
+ 𝑉({ො𝑥𝑖})



Quantum model of weak measurements

System under repeated weak measurements in 

intervals of 𝜏 𝑡𝑛 = 𝑛𝜏
𝐻 𝑡 = 𝐻𝑠 +෍

𝑖,𝑛

𝛿 𝑡 − 𝑡𝑛 ො𝑥𝑖 Ƹ𝑝𝑖𝑛

𝜏

𝑡0 𝑡𝑛−1 𝑡𝑛

𝜌( 𝜉 , 𝑡𝑛−1
+ )

𝑒−𝚤𝐻𝑠𝜏/ℏ

𝑡𝑛
−

Meters

ො𝑥𝑖𝑛, Ƹ𝑝𝑖𝑛

𝜓 𝑥𝑖𝑛 ∼ exp −
𝑥𝑖𝑛
2

2𝜎

𝑡𝑛

Apply

෍

𝑖

𝛿 𝑡 − 𝑡𝑛 ො𝑥𝑖 Ƹ𝑝𝑖𝑛

𝑡𝑛
+

Readings

{𝜉𝑖𝑛}

Projective 

measurements

of the positions 

of the meters

𝑃𝜉 = | 𝜉𝑖𝑛 ⟩⟨{𝜉𝑖𝑛}|



𝜌 𝜉 𝑛, 𝑡𝑛
+ = 𝑀 𝜉𝑛 𝑒−

𝚤𝐻𝑆𝜏
ℏ 𝜌 𝜉 𝑛−1, 𝑡𝑛−1

+ 𝑒
𝚤𝐻𝑆𝜏
ℏ 𝑀†(𝜉𝑛)

Evolution of density matrix

*Can be also written as quantum state diffusion (QSD) for a pure state

𝑀 𝜉𝑛 ∼ෑ

𝑖

exp
𝚤𝛾𝜏𝜉𝑖𝑛 Ƹ𝑝𝑖

ℏ
exp −

𝜉𝑖𝑛 − ො𝑥𝑖
2

2Δ
𝜏

Caves and Milburn, 
Phys. Rev. A (1987)

Momentum “feedback”

𝛾 ∼ ℏ/Δ

Measurement strength   Δ−1

Δ = 𝜎𝜏

Limit of continuous weak measurement

𝜎 → ∞, 𝜏 → 0 with Δ finite

Schwinger-Keldysh path integral

𝑇𝑟 𝜌 𝜉 𝑡 = ∫ 𝒟𝑥 𝑒
𝚤𝑆 𝜉 𝑡 ,𝑥 𝑡

ℏ



−∞

Action

𝑆 𝜉 , 𝑥 = න
−∞

∞

𝑑𝑡 ෍

𝑠=±

𝑠 ෍

𝑖

𝑚

2
ሶ𝑥𝑖𝑠
2 +𝑚𝛾 ሶ𝑥𝑖𝑠𝜉𝑖 +

𝚤𝑠ℏ

2Δ
𝑥𝑖𝑠 − 𝜉𝑖

2 − 𝑉({𝑥𝑖𝑠})

Classical (𝑥𝑖𝑐 ≡ 𝑥𝑖) and quantum (𝑥𝑖𝑞) components 𝑥𝑖± = 𝑥𝑖 ± 𝑥𝑖𝑞

Expand in 𝑥𝑖𝑞 or ℏ keeping 𝒪
1

ℏ
, 𝒪(1) while scaling Δ ∼ ℏ2

Semiclassical limit, small ℏ

⇒ Stochastic Langevin equation

𝑑2𝑥𝑖
𝑑𝑡2

+ 𝛾
𝑑𝑥𝑖
𝑑𝑡

=
1

𝑚
−
𝜕𝑉 𝑥𝑖
𝜕𝑥𝑖

+ 𝜂𝑖(𝑡)

𝜂𝑖 𝑡 𝜂𝑗 𝑡
′ = 2𝑚𝛾𝑇𝑒𝑓𝑓𝛿𝑖𝑗𝛿(𝑡 − 𝑡′) Noise strength ∼ 𝛾𝑇𝑒𝑓𝑓 ∼

ℏ2

Δ

∝ measurement strength
Effective temperature  𝑇𝑒𝑓𝑓 ∼

ℏ
3
2

Δ
∼ ℏ

Long-time steady state (non-equilibrium pure steady state) ⇒

Effective classical Boltzmann distribution ∼ exp −
𝐻𝑠 𝑥𝑖,𝑝𝑖

𝑇𝑒𝑓𝑓
for 𝑥 and 𝑝



Can there be a dynamical phase transition with 

noise (measurement) strength in Langevin time evolution?

⇒ A “measurement induced phase transition (MIPT)”

in the semiclassical limit

𝜂(𝑡1)
𝜂(𝑡2)

𝜀𝑒𝜆𝐿𝑡

𝜀

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾𝛾𝑐

Noise/dissipation (measurement) strength

Yes, dynamical transition in many-body chaos



Integrable and non-integrable anharmonic chains of oscillators

Two models:

1. Non-integrable model

Anharmonic coupled oscillators

𝑉 𝑥𝑖 =෍

𝑖

𝑘

2
𝑥𝑖+1 − 𝑥𝑖

2 +
𝑢

4
𝑥𝑖+1 − 𝑥𝑖

4

1D chain, Langevin dynamics

2. Integrable model

Toda chain

𝑉 𝑥𝑖 =෍

𝑖

𝑎

𝑏
𝑒−𝑏 𝑥𝑖+1−𝑥𝑖 + 𝑎 𝑥𝑖+1 − 𝑥𝑖 −

𝑎

𝑏
𝑁 constants 

of motion

Harmonic limit 𝑎 → ∞, 𝑏 → 0;  Hard sphere limit 𝑏 → ∞

𝑖 𝑖 + 1𝑖 − 1

Noise strength, 𝛾 ∝ measurement 

strength 
𝑑2𝑥𝑖
𝑑𝑡2

+ 𝛾
𝑑𝑥𝑖
𝑑𝑡

=
1

𝑚
−
𝜕𝑉 𝑥𝑖
𝜕𝑥𝑖

+ 𝜂𝑖(𝑡)



Can one meaningfully define a classical OTOC in the presence of noise?
System is randomly kicked at each instant of time.

Take exactly the same noise realizations for the two copies 

𝜂𝑖
𝐴 𝑡 = 𝜂𝑖

𝐵 𝑡 ∀𝑡

Momentum OTOC

𝐷 𝑖, 𝑡 = 𝑝𝑖
𝐴 𝑡 − 𝑝𝑖

𝐵 𝑡
2

𝑇,{𝜂}

with perturbation at 𝑖 = 0, 𝑡 = 0

 Thermal initial condition at temperature 𝑇 is generated using Langevin dynamics

𝜀𝑒𝜆𝐿𝑡 ??

𝜂𝐵(𝑡1)
𝜂𝐵(𝑡2)

𝜂𝐴(𝑡1)
𝜂𝐴(𝑡2)

0 1−1

𝑥𝑖
𝐴 0 − 𝑥𝑖

𝐵 0 = 𝜀𝛿𝑖,0

Noise strength, 𝛾 ≠ 0



Non-integrable model,   Anharmonic coupled oscillators

𝑉 𝑥𝑖 =෍

𝑖

𝑘

2
𝑥𝑖+1 − 𝑥𝑖

2 +
𝑢

4
𝑥𝑖+1 − 𝑥𝑖

4

Noise-induced chaotic to non-chaotic transition

o Harmonic limit (𝑢 = 0) is 

non-chaotic.

o Transition from exponential 

growth to exponential decay 

as a function of decreasing 𝑢
or 𝑢/𝛾

𝜆𝐿 > 0 → 𝜆𝐿 < 0



Transition as a function of 𝛾



Lyapunov exponent

Transition as a function

of 𝛾 for fixed 𝑢

o 𝜆𝐿 > 0 → 𝜆𝐿 < 0 for 𝛾 < 𝛾𝑐 𝑢 , 

(a)

(b)

512 256 0 256 512

x

0

100

200

300

UC FC

512 256 0 256 512

x

0

200

400

600

800
(c)

(d)

o 𝜆𝐿 > 0 → 𝜆𝐿 < 0 for 𝑢 < 𝑢𝑐 𝛾 , 

Transition as a function

of 𝑢 for fixed 𝛾

* No system-size dependence in 𝜆𝐿



𝑢 > 𝑢𝑐

𝑢 < 𝑢𝑐

Light cone and butterfly velocity

o Light cone is destroyed for 𝑢 < 𝑢𝑐 𝛾 .

4

(a)

(b)

(c)

FIG. 3. B ut t er fl y veloci t y and fini t e-size scal ing in t he

non-int egr able chain: (a) vB as a funct ion of u for different
noisest rength γ . (b) Thesystem size (L ) dependence of vB (u)

is shown for γ = 0.08 in the inset , and the finite-size scaling
collapse is shown in the main panel with exponents ∆ v = 1.04

and ⌫ = 0.27 for uc = 0.24. (c) vB as a funct ion of γ for
u = 1.0 for different Ls.

light cone becomes progressively ill-defined and we could
not ext ract vB all the way up to the transit ion. Un-
like λL , vB shows percept ible and systemat ic L depen-
dence [Fig.3(b)(inset)], especially for the transit ion as
funct ion of u. Thus we perform a finite-size scaling
analysis of the data for γ = 0.08, where we collapse
the data for different L and δu = (u − uc) > 0 using
vB (u, L ) = L − ∆ v F ((δu)L 1/ ⌫ ). Here F (x) is a scaling
funct ion (SM, Sec.S5). Reasonably, good scaling collapse
is obtained with ∆ v ' 1.03± 0.03 and ⌫ ' 0.30± 0.05, for
the range uc = 0.21− 0.25, which is close to the uc ' 0.25
obtained from λL in Fig.2(c). The scaling form implies
that for L ! 1 , vB ⇠ (δu)β with β = ⌫∆ v ' 0.28,
and a correlat ion length ⇠diverges as (δu)− ⌫ in the
chaot ic phase. The correlat ion length exponent ⌫ ' 0.3
is different from that for the usual universality classes of
STs, such as mult iplicat ive noise or directed percolat ion,
found in earlier studies in CMLs19,20,23,25,31,32, cellular
automaton33 and kinet ically constrained model34,35. We
note that exponents different from the known universal-
ity classes have been found for some cases in previous
works on CMLs as well20.

The dynamical t ransit ion in the stochast ic evolut ion
of a non-integrable oscillator chain is not seen in the
usual dynamical propert ies of a single t rajectory. It can
only bedetected through many-body chaos by comparing
two t rajectories. To reconfirm that a single t rajectory is
oblivious to the chaos transit ion, we compute the average
mean-squaredisplacement (MSD) for the trajectories, i.e.
h∆ q2(t)i = (1/ N )

P
i h[x i (t) − x i (0)]2i (SM, Sec.S6). For

γ = 0, in the harmonic chain (u = 0) with periodic

boundary condit ion, h∆ q2(t)i ⇠ t exhibits a diffusive
behaviour as shown in ref.59. The diffusive behaviour
persists for u 6= 0 and γ = 0. However, turning on γ 6= 0,
dynamics becomes subdiffusive with h∆ q2(t)i ⇠

p
t even

for u = 0. This is well understood in the context of
monomer subdiffusion in polymers60. Again, for u 6= 0
this subdiffusive behavior remains without any change
across the ST seen via many-body chaos.

We now compare the many-body chaos in the non-
integrable chain with that in the integrableclassical Toda
chain. The results for λL and vB as a funct ion of γ for
the Toda chain with a = 0.07 and b = 15.0 are shown
in Figs. 4(a) and (b) (see SM, Sec.S4 for more details).
As expected, the integrable limit with γ = 0 does not
show any exponent ial growth, implying λL = 0. How-
ever, the cOTOC st ill exhibits ballist ic spreading in this
limit (Fig.S7, SM), yielding a non-zero vB as shown in
Fig.4(b).

As soon as γ becomes nonzero, the dynamics be-
comes chaot ic with both exponent ial growth and ballist ic
spreading of cOTOC. As shown in Figs.4(a) and (b), the
ext racted λL increases57,61 rapidly as γ0.3 and vB ex-
hibits a jump near the integrable limit with increasing
γ. Thus integrable limit appears singular with respect
to vB for γ ! 0+ . Further increasing γ, vB monotoni-
cally decreases and approaches zero at a crit ical γ = γc,
indicat ing a transit ion to a non-chaot ic phase. In con-
t rast , λL shows a non-monotonic dependence on γ, with
a maximum at an intermediate γ. Nevertheless, λL even-
tually vanishes at γc, becoming negat ive for γ > γc, as in
the non-integrable model. Thus, the noise/ dissipat ion,
though init ially making the integrable model chaot ic,
eventually dest roy chaos due to the stochast ic synchro-
nizat ion. The fact that λL = 0 for γ = 0 and γ > γc, and
λL > 0 for small γ due to thebreaking of int igribility57,61,
dictates that λL (γ) is non-monotonic.

(a) (b)

FIG. 4. Tr ansi t ions in m any-body chaos in Toda
m odel : (a) Lyapunov exponent λ L and (b) but terfly velocity

vB as funct ion of noise st rength γ for different system sizes.
For γ ! 0, λ L ⇠ γ0.26 as shown by the dashed line in (a).

The shaded region in (a) corresponds to λL < 0. The chaos
t ransit ion occurs around γc ' 3.30 (dashed line) for both λL

and vB .

Discussions.— In summary, we show that the dynam-
ics of quantum part icles under cont inuous weak posit ion
measurementsmaps to standard stochast ic Langevin evo-
lut ion in the semiclassical limit of small ~. The Langevin
dynamics for non-integrable and integrable chains, re-

Butterfly velocity

o 𝑣𝐵 → 0 for 𝑢 ≲ 𝑢𝑐 𝛾 .



Dynamical transition and finite-size scaling
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𝛿𝑢 = 𝑢 − 𝑢𝑐 > 0

𝑣𝐵 𝑢, 𝐿 = 𝐿−
𝛽
𝜈ℱ(𝛿𝑢 𝐿1/𝜈)

𝑣𝐵 ∼ 𝛿𝑢 𝛽

𝜉 ∼ 𝛿𝑢 −𝜈

𝛽 ≃ 0.28, 𝜈 ≃ 0.3

o The transition shows critical scaling.

o The critical exponents do not match with known universality classes 
like directed percolation (DP) or multiplicative noise (MN) 

Recent works on chaotic transition in classical systems
Willsher et al. PRB (2022); Deger et al. PRLs (2022)   

- DP universality class  



What is this chaotic-non chaotic transition?

𝜂(𝑡1)
𝜂(𝑡2)

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0 𝛾𝛾𝑐

Stochastic synchronization transition (ST) in extended systems

Coupled map lattices (CML)

Bagnoli et al. PRE (1999); Baroni et al. PRE (2001); Cencini et al. PRE (2001);
Ginelli et al. PRE (2003), ...

Multiplicative noise/KPZ and Directed percolation universality classes
Ahlers and Pikovsky, PRL (2002); Munoz et al. PRL (2003); ...

Noise/dissipation (measurement) strength

Stochastic ST as an MIPT in the semiclassical limit



Integrable model

Noise-induced chaotic to non-chaotic transitions in Toda chain

𝑉 𝑥𝑖 =෍

𝑖

𝑎

𝑏
𝑒−𝑏 𝑥𝑗+1−𝑥𝑗 + 𝑎 𝑥𝑗+1 − 𝑥𝑗 −

𝑎

𝑏

o 𝜆𝐿 → 0, 𝑣𝐵 → large in the 

integrable limit 𝛾 → 0.

o 𝜆𝐿, 𝑣𝐵 → 0 for 𝛾 > 𝛾𝑐.

Lyapunov exponent

o Weak noise induces weak chaos in 

integrable model

Lam and Kurchan, J. Stat. Phys. 156 
(2014)

Butterfly velocity

(a) (b)



Summary and conclusion

o Semiclassical limit of a model of continuous weak 

measurements

⇒ Stochastic Langevin equation

noise/dissipation ∝ “measurement strength”

o Noise/measurement induced chaotic to non-chaotic transition

Stochastic synchronization transition 

𝜂(𝑡1)
𝜂(𝑡2)

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾

𝛾𝑐
Noise/dissipation (measurement) strength

Thank You!



o No exponential growth (𝜆𝐿 = 0) in the integrable Toda chain. 

o Non zero butterfly velocity 

Many-body chaos in integrable Toda chain

Light cone spread

with butterfly velocity

𝑣𝐵 ≠ 0

𝑎 = 0.07, 𝑏 = 15



Diffusive for 𝛾 = 0

𝑢 = 0 (harmonic limit)

Diffusion constant

𝐷 =
T

2

1

𝑚𝑘

Florencio and Lee, Phys. Rev. A 31 (1985)

Is the transition visible in usual dynamical properties?

𝑖 𝑖 + 1𝑖 − 1



Unlike chaos, there is no transition in usual dynamical properties, e.g. 
diffusion

𝛾 ≠ 0, subdiffusion
Monomer subdiffusin in ploymers
e.g. Weber et al., Phys. Rev. E 82 (2010)



Arguments for the existence of chaos bound

o Maldacena-Shenker-Satnford ⇒ Analytical properties of regularized OTOC +

some physical assumptions

𝐹 𝑡 =
1

𝑍
𝑇𝑟[𝑒−

𝛽𝐻

4 𝐴(𝑡)𝑒−
𝛽𝐻

4 𝐵(0)𝑒−
𝛽𝐻

4 𝐴(𝑡)𝑒−
𝛽𝐻

4 𝐵(0)]

o Energy-time uncertainty type argument (very crude)

𝜆𝐿
−1𝑘𝐵𝑇 ≥ ℏ

o Murthy and Srednicki, PRL (2019) ⇒ Eigenstate thermalization hypothesis +

assumptions.

o Morita, SciPost (2021)  ⇒ Effective model for classical system with 

Lyapunov exponent → inverse Harmonic potential 

The proof for the bound, 𝜆𝐿 ≤ 2𝜋𝑘𝐵𝑇/ℏ, is not a rigorous proof!
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Figure1: In chaot ic systems, inverseharmonic potent ials play fundamental roles to explain the

but terfly effects. This is similar to the importance of harmonic potent ials in stable systems.

Quantum correctionClassical motion

Figure 2: Part icle mot ions in the inverse harmonic potent ial (9). The black arrows denote

classical part icle mot ions and the red dashed lines denote new part icle t rajectories in quantum

mechanics that are forbidden in classical mechanics.

3 Emergent T hermodynamics in I nverse H armonic Pot ent ial

We consider quantum mechanics in an one-dimensional inverse harmonic potent ial,

H =
1

2
p2 −

1

2
λ2

L x2, (9)

wherewehave taken x as thedynamical variable4. Obviously, this model exhibits thebut terfly

effect with the Lyapunov exponent ± λL , (λL > 0) as we have discussed in Sec. 2. We will first

consider the classical mot ion. Then, we will see that the quantum correct ions to the classical

mot ion imitate thermal fluctuat ions and cause emergent thermal excitat ions5.

Let us start from classical mechanics. Suppose free part icles come from the left side of the

potent ial (x < 0). See FIG. 2. The fate of these part icles are very simple. If their energy E

4Classical part icle mot ion in the inverse harmonic potent ial (9) is solvable. Hence, it is not chaot ic, although

it shows the but terfly effect . Therefore, but terfly effect is not a suf f icient condit ion of chaos. As we show, the

inverse harmonic potent ial is essent ial in our proposal for the emergent thermodynamics, and other chaot ic

propert ies are not relevant .
5Emergence of thermal natures in inverse harmonic potent ials through quantum ef fects have been discussed

in several contexts. See for example Ref. [6, 17–20].
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Figure 3: The sketch of the relat ion between the two trajectories (classical and quantum) and

the probability rat io. The rat io of the probability of taking the classical t rajectory to that of

the quantum one is 1 to exp (− βL |E |), where E is the energy of the part icle. It is ident ical to

the thermal probability of a two level system, and taking the quantum trajectory corresponds

to the excited state.

are posit ive (E > 0), they go through the potent ial to the right side, and, if the energies are

negat ive (E < 0), they are reflected by the potent ial and go back to the left side.

Next , we consider the quantum correct ions to these mot ions. In the case of the negat ive

energy part iclesE < 0, dueto thequantum tunneling, thepart iclescan penetratethepotent ial

to theright side. Similarly, even in thecaseof theposit iveenergy part iclesE > 0, the incoming

part icles may be reflected by the potent ial quantum mechanically. Therefore, new part icle

trajectories arise in quantum mechanics, which were forbidden in classical mechanics. These

trajectories are sketched by the red arrows in FIG. 2.

We can exact ly compute the probabilit ies for the occurrences of these new trajectories

[4,21,22]. Thetunneling probability PT (E) for thenegat iveenergy part icleand theprobability

of the reflect ion of the posit ive energy part icle are given by

PT (E) =
1

exp − 2π
h̄λL

E + 1
, (E < 0), PR (E) =

1

exp 2π
h̄λL

E + 1
, (E > 0), (10)

respect ively. Thus, we can combine these two formulas to

P(E) :=
1

exp (βL |E |) + 1
, βL :=

2π

h̄λL
. (11)

This result means that the rat io of the probability of taking the classical t rajectory to that

of the quantum one is 1 to exp (− βL |E |). This rat io may be interpreted as the Boltzmann

factor of the two level system at temperature,

TL :=
1

βL
=

h̄

2π
λL , (12)

where the ground state (zero energy) and the excited state (energy = |E| ) correspond to the

classical t rajectory and quantum one, respect ively. See FIG. 3. Remarkably, the temperature

TL saturates thebound of chaos (3) proposed by Maldacena, Shenker and Stanford [8]. Hence,

our relat ion might be related to this bound.

So far, we have obtained the probability exp (− βL |E |), which looks like a Boltzmann

factor, but the connect ion to thermodynamics is unclear. We will see a clear interpretat ion

by considering the energy transportat ion in the above processes.

In the case of E < 0, if the tunneling occurs, the negat ive energy part icle is removed from

the left side (x < 0), and thus the energy in this side increases by − E(> 0) comparing with

the classical process. In the case of E > 0, if the quantum reflect ion occurs, the part icle

carrying the posit ive energy coming into the left side, and again the energy in the left region

5
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Analogous Hawking radiation 

temperature

Thermal equilibrium    ⇒ 𝑇 ≥ 𝑇𝐿 ⇒ 𝜆𝐿 ≤ 2𝜋𝑘𝐵𝑇/ℏ



Other quantities related to OTOC, quantum chaos, operator 

and/or entanglement growth, thermalization

Loschmidt echo
Fidelity for ‘kicked’ perturbation

Kurchan (2017)

Choose

𝑇𝑟 𝐴2 − 𝑇𝑟 𝐴𝑡𝑟𝑎𝑛𝐴 = −
𝛿2

2ℏ2
𝑇𝑟 𝐵 𝑡 , 𝐴 0 2 + 𝑂(𝛿3)

1. Loschmidt echo  𝐴 = 𝜓 𝜓 ⇒ 𝐹 = 𝜓 𝑒
𝑖𝑡

ℏ
𝐻𝑒

𝑖𝛿

ℏ
𝐵 𝑒−

𝑖𝑡

ℏ
𝐻 𝜓

2

2. OTOC   𝐴 ∝ 𝑒−
𝛽𝐻

4 𝐴𝑒−
𝛽𝐻

4 ⇒ 𝑇𝑟 𝐵 𝑡 , 𝐴 0 2 = 𝐹𝑀𝑆(𝑡)


