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• terminology and motivation

• network classes

• measuring thermalization
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Goals

Thermalization dynamics slowing down of many body system 
in proximity to integrable limit:

• Use unique action-angle coordinates

• Identify different classes of nonintegrable perturbations networks

• Quantify thermalization process

• Identify novel dynamical regimes



Measuring Thermalization : measuring time scales !

Ø Measure dynamics of observables

Ø Measure and compare their time averages with ensemble averages

Ø Extract time scales

Ø Measure Lyapunov spectra

Ø Invert to obtain Lyapunov times



Approaching integrable limits

Ø Time scales will diverge (length scales perhaps as well)

Ø How will they diverge? How many will diverge? Which ones will diverge?

Ø Are there different universality classes? 

Ø Can we observe and compute critical exponents?

Ø Are there further universal quantities?



Nutshell summary

Thermalization of macroscopic systems

Typical systems are nonintegrable

Systems can be tuned close to integrable limits

We studied ergodicity and mixing in ordered and disordered lattices

We found two different classes of weak nonintegrability

LRN: one diverging time scale controls all thermalization dynamics

SRN: one diverging time scale and one diverging (length) scale
control the thermalization dynamics

SRN: dramatical slowing down of thermalization



Nutshell summary

Thermalization of macroscopic systems

Typical systems are nonintegrable

Systems can be tuned close to integrable limits

We studied ergodicity and mixing in translationally invariant lattices

We found two different classes of weak nonintegrability

LRN: ordered systems
weak nonlinearity (weak two-body interaction)
all to all nonintegrable interaction between 
conserved quantities

SRN: weak finite range lattice coupling/hopping
short range nonintegrable interaction between
conserved quantities
and also
disordered systems and weak nonlinearity (weak two-body int.)



Observables: the actions J(t) of the corresponding integrable limit

Do their infinite time averages equal ensemble averages?

We don’t have infinite time at our disposal!

Finite time averages (FTA) 

FTA distributions must tend to delta functions for infinite times

Convergence for large averaging times 

Extract time scales from that convergence

Note: we do not need to know the ensemble average!

Alternative route: if you know the ensemble average, compute
the average of the distance between times when J(tn)=<J>

ERGODICITY:  Finite time average distribution evolution of action observables



ERGODICITY:  Finite time average distribution evolution of action observables



Open Issues

Numerical implementation very demanding

Ambiguity in observable choice

Can be fooled by law of large numbers

Even integrable systems are ergodic, but not mixing!

Lack of aesthetic satisfaction

ERGODICITY:  Finite time average distribution evolution of action observables



The Lyapunov Spectrum

Number of Lyapunov exponents = phase space dimension

Lyapunov exponents come in ±𝝀 pairs 

Per each integral of motion: two zero Lyapunov exponents



Unitary Circuits for Thermalization

• Fast numerical evolution due to parallelization

• No time discretization roundoff errors (except for roundoff errors)

• Versatile, highly efficient unitary map toolbox for long time evolution

g ! 0 : LRN

✓ ! 0 : SRN
<latexit sha1_base64="VOUniJ8kFD5HpSw7WE256jcI/Rw=">AAACLnicbVDLSgMxFM34dnyNunQTbAVXZaYuFFdFEVyIaLUP6JSSSdM2NJMMyR2lFL/Ijb+iC0FF3PoZpo+Ftl4SOJxzLvfeEyWCG/D9N2dmdm5+YXFp2V1ZXVvf8Da3ykalmrISVULpakQME1yyEnAQrJpoRuJIsErUPR3olTumDVfyFnoJq8ekLXmLUwKWanhnoVRcNpkEN9vGoebtDhCt1T32s/gYXxQv3TAcvGwIHQZk2nJTvMQNL+Pn/GHhaRCMQQaN66rhvYRNRdPYzqWCGFML/ATqfaKBU8Ee3DA1LCG0S9qsZqEkMTP1/vDcB7xnmSZuKW2/BDxkf3f0SWxML46sMybQMZPagPxPq6XQOqr3uUxSYJKOBrVSgUHhQXa4yTWjIHoWEKq53RXTDtGEgk3YtSEEkydPg3I+Fxzk8tf5TOFkHMcS2kG7aB8F6BAV0Dm6QiVE0SN6Ru/ow3lyXp1P52tknXHGPdvoTznfP7VqpTg=</latexit>

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)
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~ (t+ 1) = bU ~ (t)



Unitary Circuits for Thermalization



Long Range Network (small g)



Short Range Network (small Ɵ)



Unitary Circuits for Thermalization

N DoF (sites), 2N sorted LEs: ⇤i > ⇤j with {i < j} 2 1, ..., 2N

total norm conserved: ⇤N = ⇤N+1 = 0

unitary evolution: ⇤i<N = �⇤2N�i+1

LLE : ⇤1

Irreducible normalized LEs: ⇤̄(⇢) = ⇤i/⇤1, ⇢ = i/N
<latexit sha1_base64="3JvbMj0STWmQk+AXNlsFuYRaoCI="></latexit>

• initial state: random local phases, Gibbs-distributed local norm
• run the trajectory
• add small perturbation, linearize and obtain the tangent map
• run 2N trajectories in the tangent map TM
• TM1: obtain LLE
• TM2: project ⏊ to TM1 and obtain 2nd largest LE
• … and so on

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)



Fitting the rescaled LS 

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢

Rescaled Kolmogorov-Sinai Entropy Density:
an easy to use class quantifier

<latexit sha1_base64="t7m/EbWyhvLq7HJ8GOEn0VDTaAg="></latexit>
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(upper incomplete Gamma function)

The Lyapunov Spectrum PRL 128 134102 (2022)
Chaos 32 063113 (2022)
arXiv:2306.14398
arXiv:2308.08921



Unitary Circuits for Thermalization

100

10-1

10-2

10-3

10-4

10-5

10-6

(a)

X(t)

102 103 104 105 106 107

10-2

10-3

10-4

10-5

10-6

10-7

(b)

t

X(t)

raw data:

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)



Unitary Circuits for Thermalization

processed data: LLE
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integrable limits



Unitary Circuits for Thermalization

LRN, one diverging scale
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⇤̄(⇢): analytic function in the LRN limit

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢
<latexit sha1_base64="nIUDj1uV7KYc5nCizcuyiZmh0b0="></latexit>

↵, � and  stay constant nonzero for g ! 0



Unitary Circuits for Thermalization

SRN, two diverging scales
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⇤̄(⇢): non-analytic function in the SRN limit

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢

<latexit sha1_base64="O1N/qmzzzI8zScOKnA5RhG4tGg0="></latexit>

� diverges and  vanishes for ✓ ! 0



Josephson junction networks in d=1,2,3

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

Number of sites (volume) : N

Energy density: h = H/N

Gabriel Lando, SF
arXiv:2306.14398



Long Range Network

Josephson junction network, energy density h: h/EJ ⌧ 1

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

H0 =
P p2

n
2 + EJ

2 (qn � qn�1)
2 : harmonic chain

H1 = �EJ
4

P
(qn � qn�1)

4 : quartic anharmonicity

L = 3, R ⇠ N
2

�! Long Range Network

long range network:

Qq =
p
2Jq sin⇥q , Pq = !q

p
2Jq cos⇥q

J̇q = �EJ
P

q1,q2,q3
!q1!q2!q3Aq,q1,q2,q3

p
JqJq1Jq2Jq3cos⇥q sin⇥q1 sin⇥q2 sin⇥q3

Gabriel Lando, SF
arXiv:2306.14398



Long Range Network

à exists due to weak nonlinear all-to-all interactions between normal modes

à nonintegrable nonlinearity local in real space, normal modes extended

long range network:

Qq =
p
2Jq sin⇥q , Pq = !q

p
2Jq cos⇥q

J̇q = �EJ
P

q1,q2,q3
!q1!q2!q3Aq,q1,q2,q3

p
JqJq1Jq2Jq3cos⇥q sin⇥q1 sin⇥q2 sin⇥q3

Gabriel Lando, SF
arXiv:2306.14398



Short Range Network

Josephson junction network, h/EJ � 1

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

H0 =
P p2

n
2 : free rotors

H1 = EJ
P

[1� cos(qn � qn�1)] : nearest neighbour coupling

L = 1, R = 2

�! Short Range Network

short range network:

qn = ⇥n , pn = Jn

J̇n = �EJ (sin(⇥n �⇥n�1) + sin(⇥n �⇥n+1))

Gabriel Lando, SF
arXiv:2306.14398



Short Range Network

à exists due to underlying lattice model structure

à nonintegrable lattice coupling is local, rotor actions are local

short range network:

qn = ⇥n , pn = Jn

J̇n = �EJ (sin(⇥n �⇥n�1) + sin(⇥n �⇥n+1))

Gabriel Lando, SF
arXiv:2306.14398



Rescaled Lyapunov spectrum for d=1,2,3 Gabriel Lando, SF
arXiv:2306.14398



Take Home Messages

We observe two distinct universality classes

Classifier: nonintegrable perturbation network type

Long range  - one LLE controls all thermalization time scales
- renormalized Lyapunov spectrum: analytic function 

Short range  - one LLE and one (length) scale control the thermalization
- renormalized Lyapunov spectrum: non-analytic function

Disorder and Anderson localization induce transition from LRN to SRN
(work in progress)

Explains finite time average observations

Works in any lattice dimension

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

Weihua Zhang
Gabriel Lando
Barbara Dietz
SF
arXiv:2306.14398
work in progress



Outlook

Are there more classes?

Quantitative theories, explanations, predictions?

Other interesting integrable limits: Toda, Ablowitz-Ladik, ideal gas,
symplectic integrators for integrable systems 
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